Permutation testing for validating PCA
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Abstract Permutation test as possible alternative to the noonty used cross-
validation of samples for validating PCA resultssigggested. The approach is then
illustrated using two data-sets from consumer stdif apple and raspberry juice. Our
findings show that internal validation provided the permutation test is particularly
advantageous when the data are complex as théy tre second case reported here.
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1 Introduction

Internal preference mapping (Chang and Caroll, 1@&8pll, 1972) is an important

methodology based on principal component analf\®GA), much used in consumer
science for modelling, analysing and understandimgsumer preferences. In this field
we usually refer to a situation where a limited bemof products are submitted to a
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consumer panel for the evaluation of the globahiik The sample set may be very
small due to the fact that it is impossible to sitimthe consumers a too high number
of stimuli, according to sensory analysis basiesulTherefore, the resulting data
matrices are in the shape of a flat rectangle withery low number of rows. The

sample set is also often based on a designed medriwith possibly unique samples
in it. Thus, if the practitioner is interested ialidating the PCA on these data, the
commonly used full cross-validation (CV) of samplds probably not the best choice.

Also because, the main purposes of validation afgpence mapping is to determine
the number of principal components that can sdfelynterpreted. Being the focus on
interpretation of a given set of samples, the makwvalidation related to the actual
samples at hand instead of some type of predig@réormance of the model for other
samples it may be more natural.

Here we propose as a possible alternative appitoagbe a permutation test for testing
the significance of the principal components extrddrom the consumer liking data.

For illustrating the methodology we used two dates $rom real consumer studies on
apple and raspberry juice.

2 Permutation test

Permutation testing is a non-parametric tool whallows to evaluate statistical
significance for a null-hypothesis by repeatediydamising the original data-set
(Good, 2000). Note that, since all permutationsehiine same probability of occurring,
a large set of total possible permutations shoutttlpce a representative sampling
distribution (Xiong, Blot, Meullenet and Dessiri@008). In the literature there are a
number of methods available for permutation testmd®CA (Wakeling, Raats, and
MacFie, 1991; Landgrebe, Wurst, and Welzl, 2002g&&leto, Jackson, and Somers,
2003; Linting, van Os, and Meulman, 2011), butasas we know, not for testing the
significance of each additional component whicthis focus here. The procedure used
in this paper is described in the section belowteNbat the interpretation is in terms of
internal validity and different from regular CV ftive samples.

21  Algorithm description

The measure used for testing significance of a cawponent is the explained variance
relative to the sum of the variances among the ildngcomponents. For instance, for
component 2, the criterion used is the eigenvatuedmponent 2 as compared to the
sum of the eigenvalues for components 2, 3, 4 Bbe permutation for the first
component is simple since this relates to simplenp&ations of the original data set.
For the rest of the components, however, it is nmmmplex since residuals from
previous components lie in a subspace orthogonade@ous components. This is here
solved by orthogonalising permuted residuals wétbpect to both scores and loadings
already estimated. This, however, changes the $wariances for the permuted values
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and therefore the relative measure of performansedescribed must be used. For a
more detailed description see figure 1.

3 Datasetsused

The first dataset has been used for investigatimgsemer liking of apple juices
produced with different levels of sugar and aciddBRwten et al., 2009). The design
used was a full factorial design with two factofsimterest: degree of sugar (low,
medium and high) and degree of acid (low and hidie prepared six juices were
evaluated by a panel of 125 consumers who weraldskete their degree of liking on
a 7-point hedonic scale for each juice.

The second dataset has been used to investigaaedbptability of 25 juices created by
mixing one of the five berry fruits under study hvifive different base juice variants
(Endrizzi, Pirretti, Cald, and Gasperi, 2009). Séydwo consumers were involved in
a series of five central location tests, each efrtHocused on one of the five berry
fruits investigated. Here, for illustrative purpesenly data from juices based on
raspberry were considered. In the test sessionucmzis were asked to rate their
appreciation on a 9-point scale.

4 Results

On both data sets a PCA was run, and in this thgpadson of CV and permutation
results are reported.

In table 1a, cumulated percentage of explainedamasgs for each principal component
using validation on samples for the apple juiceadsdt are reported. The explained
variance from CV of the samples clearly indicates t@mponents as significant (only
limited increase after), which corresponds wellhwihe two factor design. From this
perspective, the standard CV seems to work quite welch is due to the fact that the
design is very simple and the samples have a lobimmon. On the same data set, the
permutation test was run with B=300 in order to estd the significance of each
component. In Figure 2a, the comparison of obseesulained variance with that
obtained in the permutation test are depicted. Nad¢ the measure used for testing
significance of a new component is the explainedanae relative to the sum of the
variances for the remaining components as explainedection 2.1. Because the
observed values of variance of the first two congmis are larger than the '95
percentile, we have to conclude that these two corapts are clearly significant. The
corresponding P-values for each component were klated and they were pl =
0.010, p2 = 0.010, p3 = 0.218, p4 =0.802 confirming conclusions given by the
graph.

In table 1b, cumulated percentage of explainedawasgs for each principal component
using validation on samples for the raspberry dataare reported. In this case, where
the samples are much more different than in theigue case, the standard CV does
not work so well. The variances explained by the @¥ no clear indication on the
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number of components to use. Using permutation(Eégtire 2b), we have to conclude
instead that the first three components are smmifi as confirmed by the
corresponding P-values pl1 = 0.010, p2 = 0.020, p30%0. Generalising, permutation
test outperforms CV in data sets with a more compbgperimental design with very
different products.

Table 1: Cumulated percentage of explained variance ima&tn using samples of apple juice
(a) and raspberry data set (b). Note that 5 ammh#ponents are the maximum number of
components in the two cases respectively, givingxatt explained variance equal to 100%. They
are therefore omitted from the table.

PCs Val.Var%.(a) Val.Var%.(b)
PC_1 26.516 7.631
PC_2 35.626 6.530
PC_3 37.342 16.265
PC 4 37.089 - -

Figure 1: The permutation test algorithm for PCA

[Start

Perform PCA on Y (nxp) and record exp.var.% for each PC after subtracting the amount of
preceding components;

- - =

tPerform following procedure B times:

» Randomly permute values of each Y’s column (consumers) independently. Call Ypem the
resulting matrix;

» Perform PCA on Yperm and record exp.var.% for the first PC;

[For the remaining components, perform following procedure n-2 times: ]

+ Calculate residuals from preceding PC;

« Perform PCA on residuals;

+ Randomly permute residuals of each column independently and repeat B times;

« Calculate orthogonal projection (made in both directions) of permutated residuals;

» Perform PCA on orthogonal permutated residuals and record esp.var.% for the relative PC;

Calculate and plot median, 5" and 95" percentile of the B values of exp.var. from permutation.

Figure 2: Comparison of observed explained variance with dbgained in the permutation test
for apple juice (a) and raspberry data set (b)eNoat 5 and 4 components are the maximum in
the two cases and 100% is thus obvious. It is bekeincorporated for comparison.
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The authors recommend the use of the proposed patiotutest which calculates

the significance of each component providing theniper of components that can
“safely” be interpreted. The test results are @¢asgterpret thanks also to the graphical
output. The permutation test proposed here work# imeany situation, but in
comparison with the commonly used full cross-vdlmta a particular advantage of
using it appears when the data are complex in tefexperimental design or strong
variability as they are in the second case repdrézd.
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